Abstract. In the works of M. Agranovsky, P. Kuchment, E.T. Quinto and L.V. Nguyen, a range characterization was obtained for the spherical mean transform, which integrates functions over spheres of arbitrary radius and centers located on a sphere. This integral transform and other similar transforms have become an important subject during the last decade or so, in particular, due to their applications in medical diagnostics (thermo-and photo-acoustic tomography).
Introduction and motivation
The spherical mean Radon transform (spherical mean transform for short) has been studied intensively in the last few decades due to its theoretical importance and practical applications. This transform integrates functions on spheres with arbitrary radius and centers on a given surface.
Concerning practical applications, the spherical mean transform has been found to be useful in thermo-and photo-acoustic tomography, radar and sonar imaging and mathematical physics ( [14, [16] [17] [18] [19] ).
The important applications of the spherical mean transform have led to extensive theoretical research. This includes, in particular, inversion, stability and uniqueness theorems for the spherical mean transform and also methods to complete incomplete data ( [4, 5, 10, 12, 15, 19] ). The problem that we will be dealing with in this article is the characterization of the range of the spherical mean transform, i.e, finding the image of the spherical mean transform on the class of smooth functions with compact support.
There are many known results on the range of the spherical mean transform ([1-3, 6, 11]). They revealed an interesting phenomenon of an equivalence of range characterization and extendibility of solutions of certain PDE equations which include in particular the wave equation and the Darboux equation.
Here, we generalize the above results to the more general ultra hyperbolic equation (Euler-Poisson-Darboux equation) which describes an integral transform close to the spherical mean transform.
Mathematical background
Denote by R + the interval [0, ∞). B = {x ∈ R n : |x| ≤ 1} the unit ball in R n . S n−1 = S = {x ∈ R n : |x| = 1} the unit sphere in R n . Denote by C ∞ 0 (B) the class of infinitely smooth functions defined in R n and have compact support in the unit ball B.
The spherical mean transform M takes any function f ∈ C ∞ (R n ) to:
(1) (Mf)(x, t) = 1 ω y∈S f (x + ty)dS(y), x ∈ R n , t ∈ R + , where ω = 2π n/2 Γ(n/2) −1 . By Asgeirsson's theorem [7, 8, 13 ], a smooth function G = G(x, t) is given as in formula (1) Replacing the integer n in equation (2) by an arbitrary integer m such that 1 ≤ m ≤ n leads to the EPD equation (Euler-Poisson-Darboux equation) which generalizes the Darboux equation
The initial boundary conditions
(where f is some C ∞ (R n ) function) lead to a generalization of the system (2)-(3). When the difference n − m is even, G solves the system (4)-(5) if and only if G has the following form [20] :
where C = 1 m(m + 2)...(n − 2) (when m = n this is understood as C = 1).
For m = n, the right hand side of (6) is the spherical mean transform. When m = 1 and n odd, it is Kirchoff's classical formula which is a solution to the wave equation ( [8, 11] 
For each eigenvalue −λ 2 of the Laplace operator, define the function
where j p denotes the normalized Bessel function, i.e,
) the class of all functions which are the restriction to S × R + of an infinitely smooth functions in S × R with compact support in S × [0, 2]. Assuming 1 ≤ m ≤ n, we define the orthogonality condition which is strongly related to the range description problem mentioned above.
. Then g satisfies the orthogonality condition if for every eigenvalue −λ 2 of the Laplace operator in B the following condition is satisfied:
Here, ∂ ν is the exterior normal derivative on the boundary of the cylinder S × [0, 2]. It should be noted that the orthogonality condition depends on the parameter m.
Main problem
The main goal of the article is to characterize the range of the transform (6), i.e the solution to the system (4)-(5) for n − m even, on the class C ∞ 0 (B) where the spatial variable x belongs to the n − 1 dimensional unit sphere. The reason that we require that n − m be even is because only in this case is Huygens' principle satisfied. That is, the solution (6) to (4)- (5) integrates f on a sphere rather than on a ball (if n − m is odd then the strict Huygens' principle does not hold [20] ). This fact allows us to generalize the results obtained so far on the range of the spherical mean transform.
Every function in the range belongs to C 
. 
Indeed, let g be given by equation (9) for some f ∈ C ∞ 0 (B) (i.e, g is in the range of the transform (6)). Let G = G(x, t) be given by equation (6) with the same function f , but defined for all x ∈ R n , t ∈ R + , then G satisfies the system (4)-(5).
Hence G satisfies the IBVP (10) .
On the other hand, if there exists a solution G = G(x, t) to the IBVP (10) then G is given by equation (6) with
) satisfies the orthogonality condition (8) if and only if the following IBVP
. It can be easily seen that the solution to the IBVP (10) is a solution to the IBVP (11) (restricted to the domain B × R + ) and hence g must satisfy the orthogonality condition. On the other hand, if a solution G to the IBVP (11) exists, i.e., g satisfies the orthogonality condition and G can be extended to the whole domain
, then G is a solution to the IBVP (10) . Hence the orthogonality condition is a necessary condition for a global solution to the IBVP (10). Thus, the main problem can be reformulated as follows:
is even, find necessary and sufficient conditions on g such that the unique solution
to the following IBVP:
e., G can be extended to a solution to the IBVP (10).

Known results and the main result
In [11] , it was proved that if m = 1 and n is odd (which corresponds to the wave equation), then the solution to the IBVP (11) can be extended to a solution to the IBVP (10) . For the case m = n (which corresponds to the Darboux equation describing the spherical mean transform), several results are known. It was shown in [5] that if m = n = 2, then g is the image of a function f ∈ C ∞ 0 (B) under the spherical mean transform if and only if g satisfies the orthogonality condition.
In [2] , the authors characterized the range of the spherical mean transform (i.e., m = n) in any dimension n. The characterization included two types of conditions: the orthogonality condition and, in even dimensions, the moment condition (which will not be formulated here). Moreover, later in [1] it was proved that the moment condition follows from the orthogonality condition and hence can be dropped. In terms of the Darboux equation, this means that the solution to the IBVP (11) extends to a solution to the IBVP (10) when m = n. Finally, in [3] it was proved directly that when m = n, the solution to the IBVP (11) extends to a solution to the IBVP (10) .
In all these cases, the difference n − m is even. Hence the natural question arises: Can the results that were mentioned above can be generalized for all cases where 1 ≤ m ≤ n and n − m is even? The main result of this article asserts that this is indeed the case. The exact formulation is as follows:
can be extended to the whole space R n × R + to a solution to the IBVP (10) .
]) is in the range of the transform (6) if and only if g satisfies the orthogonality condition (8).
Plan of the proof
The method of the proof of Theorem 4.1 follows the proof of Theorem 2.4 in [3] with a slight modification for the case 1 ≤ m ≤ n, n − m is even. Theorem 4.1 will be derived from the following two theorems. The first theorem is a modification of Proposition 3.1 from [3] and asserts that a sufficient condition for the solution G + to the IBVP (11) to be extendable to a solution to the IBVP (10) is that the initial data G + (x, 0), and its derivatives of all orders, vanish on the unit sphere S. The exact formulation is as follows: 
IBVP (10). The extended solution G is given by
where C = The second theorem asserts that the condition
, together with all its derivatives, on the unit sphere S. The exact formulation is as follows:
If the boundary 
Proofs
The first step is the proof of Theorem 5.1. It follows the same lines as [3, Proposition 3.1], where n and m are equal. In [3] , the authors exploit the fact that if m = n then Huygens' principle is satisfied. That is, if u is a solution to the system (2)-(3), then the value u(x, t) depends only on the values of u(x, 0) = f (x) on the sphere with center x and radius t (because in this case, u is just the spherical mean transform). Hence, if u(x, 0) = f (x) has compact support inside the unit ball B, then u(x, t) vanishes for x ∈ B, t > 2.
As (6) shows, Huygens' principle is satisfied whenever u satisfies the system (4)-(5) and the difference n − m is even. This fact allows us to generalize the corresponding theorem in [3] .
First we need the following lemma which can be easily proved using the FourierBessel transform.
Lemma 6.1. If U satisfies the EPD equation (4) , U (x, t) = 0, t ≥ 2 and U (x, 0) = U t (x, 0) = 0 for any x ∈ B, then its Fourier-Bessel transform
satisfies the Helmholtz equation Proof of Theorem 5.1. Since f (x) = G + (x, 0) and all its derivatives vanish on the unit sphere S, the zero extension f * of f belongs to C ∞ (R n ). This implies that the function
Hence G is a candidate for the extension of G + to a global solution to the IBVP (10) (any solution G to the IBVP (10) must be in
). The function G satisfies the EPD equation (4) and has zero derivative with respect to the variable t at the origin, also G(x, 0) ∈ C ∞ 0 (B) . Hence it remains to prove that G + and G coincide in the solid cylinder
Hence, from the theorem about the domain of dependence for the EPD equation [8, p. 696] , it follows that U vanishes on the cone
Hence U (x, 0) = U t (x, 0) = 0, x ∈ B, and using the theorem about domain of dependence again it follows that U vanishes on the cone
The ray {(0, t) : 0 ≤ t < ∞} is contained in the union K ∪ (B × [2, ∞)) and hence the Fourier-Bessel transform
The smoothness of U implies that the same argument is true for D β x U . Hence:
x U (0, α) = 0. Also, observe that by Lemma 6.1 the Fourier-Bessel transform of U , U = U (x, α) satisfies the Helmholtz equation
Hence U (., α) is real analytic. Therefore, since U (., α) vanishes to infinite order at x = 0 it follows that U (x, α) = 0, x ∈ B. Since the Fourier-Bessel transform is invertible, U = 0 and thus
This finishes the proof of Theorem 5.1.
Our next step is to prove Theorem 5.2. The method of the proof of Theorem 5.2 is taken from [3, Proposition 3.2] but in some steps we will have to adjust it to the case 1 ≤ m ≤ n, n − m is even. Before that, we need a simple lemma for the proof of the main result. This lemma gives a factorization of the operator (6) into linear differential operators.
where C = 2) and m = n − 2, it follows that C = 1 (n−2) . Hence
This proves the first step of the induction. Let us assume that the lemma is true for m = n − 2k, and our aim is to prove it for m = n − 2k
). Since by the assumption the lemma is true for m = n − 2k, it follows that License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms Hence:
In the last equality, we have used the Leibniz formula for the product
, one has
In the last equation, we have used the fact that all the operators of the form 1+αt
commute with each other. This proves the induction for m = n − 2k − 2, and thus the lemma.
Remark 6.3. From now on, R will denote the operator
Proof of Theorem 5.2. Our goal is to show that f (x) = G + (x, 0), and its derivatives of all orders, vanish on the unit sphere S, that is,
As was mentioned in the proof of Theorem 5.1, the conditions G + (x, 2) = G + t (x, 2) = 0 imply that G + vanishes in the cone K + , that is, In particular, this holds at the vertex (0, 1) of the cone K + :
The smoothness of G + in B × R + guarantees that the same conclusion holds for all the derivatives of G + :
where j is an arbitrary natural number and β is an arbitrary multi index. Now observe that G + and Rf share the same data at B × {0}:
Hence, G + and Rf coincide in the cone K − :
It follows from (12) and from the fact that the vertex (0, 1) belongs to K − that
x Rf (0, 1) = 0. Using (13) it will be shown that f , and its derivatives of all orders, vanish on the unit sphere S.
Expanding f into spherical harmonics 
where Q N is the following differential operator of order 2:
The smoothness of G + in the solid cylinder B ×R + implies that the last identity is satisfied in particular for t = 0 and x ∈ S. Hence:
The condition g ∈ C ∞ 0 (S × [0, 2]) implies that g vanishes to infinite order at t = 0. Thus for all x ∈ S:
Since the Laplacian acts on the N th harmonic term as Observe that the operators (16) and (18) can be written in the following form:
Define the vector Let us assume that the lemma is true. Then the non singularity of the system (20) implies that the vector F is equal to zero, i.e., the first 2N + 2η derivatives of f N at r = 1 vanish:
In order to show that f N vanishes to infinite order at r = 1, we will use (16) for higher values of the index i.
Since all derivatives of f N of order less or equal to 2N + 2η − 1 vanish at r = 1 and A N +η,2N +2η = 0, it follows that f (2N +2η) N (1) = 0. One can continue in this way and conclude that f This completes the proof of Lemma 6.5 and thus finishes the proof of Theorem 5.2.
